Abstract. We prove a rigidity theorem for hypersurfaces in space form N n+1 (K), generalizing the classical Cohn-Vossen theorem.
The classical Cohn-Vossen theorem [2] states that two isometric compact convex surfaces in R 3 are congruent. There is a vast literature devoted to the study of rigidity of hypersurfaces, a good source of reference is [7] . In this short note, we prove a higher dimensional version of the Cohn-Vossen Theorem for hypersurfaces in space form N n+1 (K), n ≥ 2. The original convexity assumption in the Cohn-Vossen Theorem will be replaced by the assumption that hypersurfaces are star-shaped with normalized scalar curvature R > K. When K = 0 and n = 2, N n+1 (K) = R 3 and the scalar curvature is the Gauss curvature. Positivity of Gauss curvature of M implies the embedding is convex, it in turn is star-shaped with respect to any interior point.
The key ingredient in our proof of this higher dimensional generalization of Cohn-Voseen theorem is the integral formula (10) we will establish. We will make crucial use of a conformal Killing field associated with the polar potential of the space form.
Let N n+1 (K) be a simply connected (n + 1)-dimensional space form with constant curvature K. We will assume K = −1, 0 or +1 and n ≥ 2. Denote g N := ds 2 the Riemannian metric of N n+1 (K). We will use the geodesic polar coordinates. Let S n be the unit sphere in Euclidean space R n+1 with standard induced metric dθ 2 , then
For the Euclidean space R n+1 , φ(ρ) = ρ, ρ ∈ [0, ∞); for the elliptic space S n+1 , φ(ρ) = sin(ρ), ρ ∈ [0, π); and for the hyperbolic space H n+1 , φ(ρ) = sinh(ρ), ρ ∈ [0, ∞). We define the corresponding polar potential function Φ and a key vector field V as 
where D is the covariant derivative with respect to the metric g N . Let M ⊂ N n+1 (K) be a closed hypersurface with induced metric g with outer normal ν. We define support function as
The hypersurface M is star-shaped with respect to the origin if and only if u > 0. The following identity (e.g., see [4] ) will play an important role in our derivation.
where ∇ is the covariant derivative with respect to the induced metric g and h = (h ij ) is the second fundamental form of the hypersurface. Denote W = g −1 h the Weingarten tensor, define the 2 nd symmetric function of Weingarten tensor W by
where κ = (κ 1 , · · · , κ n ) are the eigenvalues of W which are the principal curvatures of M . The relationships of the principal curvatures and the normalized scalar curvature R of the induced metric from ambient space N n+1 (K) are as follow.
Since R is invariant under isometries, so is σ 2 (W ). From definition (5),
is any open hemisphere. We will restrict ourselves to hypersurfaces in N n+1 + (K). Suppose M andM are two isometric connected compact hypersurfaces of N n+1 (K) with the normalized R > K. We may identify any pointx ∈M as a point x ∈ M through the isometry. This identification will be used in the rest of this article. We may then choose an orthonormal frame on M and by the isometry this will correspond to the same orthonormal frame onM . We may view M as a base manifold, the local orthonormal frames of M andM can be identified as the same. Denote W andW the corresponding Weingarten tensors of M andM , respectively. For any fixed local orthonormal frame on M , the polarization of σ 2 of two symmetric tensors W = (w ij ) andW = (w ij ) is defined as
The following lemma is a special case of the Garding inequality [3] .
Lemma 1. Given two isometric compact hypersurfaces M andM in N n+1 + (K) with the normalized scalar curvature R > K, then
If the equality holds at some point x, then W (x) =W (x).
Proof. From identity (6), σ 2 (W ) = σ 2 (W ) > 0. By the compactness, there are points
is the Garding cone. The lemma follows from the Garding inequality [3] .
Suppose g ∈ C 3 and suppose e 1 , . . . , e n is a local orthonormal frame on M and W = (w ij ) is a Codazzi tensor on M , then for each i,
We will establish the integral formulae needed.
Lemma 2. Suppose M andM are two isometric C 2 star-shaped hypersurfaces with respect to origin in the polar coordinates of the ambient space N n+1 (K) in (1). Identify any local frame on M with a local frame onM via isometry. Denote Φ andΦ, and u andũ to be the polar potential functions and support functions of M andM , respectively. Then
(10)
Proof. We first assume M andM are C 3 star-shaped hypersurfaces. For any local frame {e 1 , · · · , e n } on M , it is also a local frame onM . By the assumption of isometry, g ij =g ij . We note that, with φ and Φ defined in (2), (11)
Contracting σ ij 2 (W ) and σ ij 2 (W ) with equations in above, (10) follows from identities (9), (11) and integration by parts.
(10) for C 2 hypersurfaces can be verified by apprixmation. We may approximate them by C 3 hypersurfaces M ǫ andM ǫ . Note that M ǫ andM ǫ may not be isometric. For any local frame on M , the following still holds,
Using (g ǫ ) −1 to contract with σ ij 2 (W ǫ ) and using (g ǫ ) −1 to contract with σ ij 2 (W ǫ ), we may perform integration by parts as before at ǫ-level. By (9) and (11),
2 , where the error terms R ǫ i , i = 1, 2 involves only the differences of derivatives of g ǫ andg ǫ up to second order. Therefore, R ǫ i → 0 as ǫ → 0 for i = 1, 2. (10) follows for C 2 isometric star-shaped hypersurfaces by letting ǫ → 0.
With integra formulae (10), we follow the similar argument of Herglotz in [5] (see also [6] ) and using the Garding's inequality as in [1] to prove that two isometric star-shaped compact hypersurfaces in N n+1 (K) share the same second fundamental form.
We now proceed to prove the main result below. The term congruency will be used to describe two hypersurfaces in N n+1 (K) that differ by an isometry of the ambient space. Theorem 1. Two C 2 isometric compact star-shaped hypersurfaces in N n+1 (K) with the normalized scalar curvature R strictly larger than K are congruent if K = −1, 0. Two C 2 isometric compact star-shaped hypersurfaces in S n+1 with normalized scalar curvature strictly larger than +1 are congruent if the hypersurface are contained in some (may be different) hemispheres.
Proof. We may assume that M andM are two star-shaped hypersurfaces with respect to a fixed point p ∈ N n+1 (K). We may use polar coordinates in (1) and assume p = 0. In this setting, M andM are in the same N 
